Composite quantum states can be classified by how they behave under local unitary transformations. Each quantum state has a stabilizer subgroup and a corresponding Lie algebra, the structure of which is a local unitary invariant. In this paper, we study the structure of the stabilizer subalgebra for n-qubit pure states, and find its maximum dimension to be n − 1 for nonproduct states of three qubits and higher. The n-qubit Greenberger-Horne-Zeilinger state has a stabilizer subalgebra that achieves the maximum possible dimension for pure nonproduct states. The converse, however, is not true: we show examples of pure 4-qubit states that achieve the maximum nonproduct stabilizer dimension, but have stabilizer subalgebra structures different from that of the n-qubit GHZ state.
I. INTRODUCTION
Understanding multipartite entanglement is an important problem in quantum information science. One of the first and most natural proposals for classifying entanglement was to regard two quantum states |ψ and |ψ ′ as having the same type of entanglement if they are related by a local unitary transformation,
where unitary operator U i acts on subsystem i [1, 2] . The local unitary group partitions the space of quantum states into orbits, with each orbit representing a type of entanglement. There is an intimate relationship between the orbit of a state |ψ and the stabilizer subgroup of |ψ , that is, the subgroup of the local unitary group that leaves |ψ invariant. The orbit O ψ of state |ψ is the quotient space of the local unitary group G by the stabilizer subgroup Stab ψ.
Studying stabilizer subgroups is therefore equivalent in some sense to studying local unitary orbits. The full classification problem for multipartite entanglement has been a very difficult problem, and complete results exist only for 2-and 3-qubit pure states [3, 4, 5, 6, 7] . Progress has been made, however, in understanding aspects of the local unitary orbits and their dimensions [3, 8, 9, 10, 11, 12] .
In two previous papers [11, 12] , we showed that that maximum stabilizer dimension for n-qubit pure states is 3n/2 (for n even) and (3n − 1)/2 (for n odd), that products of singlet pairs, |ψ = (|01 − |10 ) ⊗ · · · ⊗ (|01 − |10 ), * Electronic address: walck@lvc.edu † Electronic address: lyons@lvc.edu achieve this maximum stabilizer dimension, and that such products of singlets (and their LU equivalents) are the only pure n-qubit states to achieve the maximum stabilizer dimension.
From the perspective of stabilizer structure, nonproduct states are the basic components from which all pure states are built. Product states |ψ = |φ ⊗ |χ simply inherit the structure of their factor states. For this reason, it is appropriate to ask the fundamental questions about stabilizer dimensions for nonproduct states.
In this paper, we consider pure n-qubit quantum states. We study the structure of their local unitary stabilizer subalgebras, and apply the structure results to prove that the maximum stabilizer dimension for nonproduct states is n − 1 (for n ≥ 3). We also achieve some previously reported results in a simpler fashion.
Section II fixes the notation that we will use. Section III gives our results concerning the structure of n-qubit local unitary stabilizer subalgebras. Section IV applies the results of section III to achieve the maximum stabilizer dimension for nonproduct states, as well as some other maximum dimension results. Section V shows that the n-qubit GHZ state achieves the maximum nonproduct stabilizer dimension, but that, at least in the case of 4-qubit states, it is not the only such state.
II. NOTATION
Let H = (C 2 ) ⊗n be the n-qubit Hilbert space. The local unitary group G = U (1) × SU (2) n and its Lie algebra g = Lie(G) = LG have dimension 3n + 1. We have
where g 0 is one-dimensional and g j = su(2) (the set of 2 × 2 skew-Hermitian matrices) is three-dimensional for j = 1, . . . , n. For a set of qubits S = {j 1 , . . . , j m }, we write g S = g j1 ⊕ · · · ⊕ g jm , and g S = g 0 ⊕ g N \S , where N = {1, . . . , n}. When we need a basis for su(2), we will use
The element A j ∈ g for 1 ≤ j ≤ n has A in the jth qubit slot and zeros elsewhere, and analogous notation applies for B j and C j . The local unitary group action is a map Φ : G×H → H which associates to each element g of the local unitary group G and each vector ψ in the Hilbert space H the vector Φ(g, h) ∈ H obtained by acting on ψ with the local unitary transformation g. If we pick a point (state vector) ψ ∈ H, we obtain a map
The derivative of Φ ψ at the identity is the map
where T ψ H denotes the tangent space to H at ψ, and is naturally isomorphic with H. Thus, we have a map
We are particularly interested in the kernel of dΦ ψ , which represents those elements of the local unitary Lie algebra that send ψ to zero. We define K ψ = ker dΦ ψ to be the stabilizer subalgebra of the local unitary Lie algebra g. This K ψ is the Lie algebra of the stabilizer subgroup Stab(ψ) ⊂ G, the subgroup of local unitary transformations that leave ψ fixed.
We also define projection operators
is a sequence of n binary digits used to label one of the 2 n basis states of an n-qubit pure state vector.
III. STRUCTURE OF K ψ
With the following definition and lemma we establish that groups of qubits can combine to form su(2) summands in the stabilizer subalgebra. We show that once they do so, those qubits are prohibited from participating in the stabilizer subalgebra in any other way, for example by contributing part of a one-dimensional summand in K ψ . Definition 1. An su(2) block for ψ is a set S ⊂ {1, . . . , n} of qubits for which
Proof. (a) Suppose dim K ψ ∩ g S > 1. Then g S contains at least two linearly independent elements of K ψ . Let us call them
where (2) block. Since Z j l = 0 for each l, we also know that X j l = 0 and Y j l = 0 for each l, and that X j l and Y j l are linearly independent for each l. We see that X j l , Y j l , and Z j l span the 3 dimensions of g j l for each l.
Next define (2) 
, then there is a fourth element R := m l=1 R j l ∈ K ψ . But R j1 must be a linear combination of U j1 , V j1 , and W j1 , so there is a linear combination of U , V , W , and R making a stabilizer subalgebra element in g S ′ for some proper subset S ′ S of qubits. We conclude that K ψ ∩ g S is a 3-dimensional Lie algebra with basis U , V , W . The bracket relations among the three basis vectors establish that
is a linear combination of U, V, W . It follows that β l must be the same for all l, and similarly for γ l . Consideration of [Q, V ] shows that α l must be the same for all l. It follows that Q is a linear combination of U, V, W , hence that Q ∈ K ψ , and that
The next proposition provides a convenient way to identify whether or not a qubit participates in an su(2) block. Following that, we note that a qubit may participate in zero or one su(2) block, but no more. Proposition 1. Let ψ ∈ H. Qubit j belongs to an su(2) block for ψ if and only if dim P j K ψ > 1.
Proof. If qubit j belongs to an su(2) block for ψ, then dim P j K ψ = 3 by part (a) of Lemma 1.
Suppose a qubit j with dim P j K ψ > 1. Let X j , Y j ∈ P j K ψ be linearly independent. Notice that dim P j K ψ = 3, since P j [X, Y ] is linearly independent of P j X and P j Y when X, Y ∈ K ψ are chosen so that P j X = X j and
Let X ∈ K ψ be an element that projects onto a minimal number of qubits consistent with the constraint that P j X = X j . Let S be the set of qubits onto which X has nontrivial projection. Let Y ∈ K ψ be an element that projects onto a minimal number of qubits consistent with the constraint that P j Y = Y j . Let T be the set of qubits onto which Y has nontrivial projection. Now,
Since X, Y ∈ K ψ ∩ g S are linearly independent, and since S is minimal, S fulfills the requirements of an su(2) block.
Proposition 2. Let ψ ∈ H.
A qubit j belongs to at most one su(2) block for ψ.
Proof. If S is an su(2) block containing j and T is an su(2) block containing j, then S ∩ T is an su(2) block containing j, which violates the definition of su(2) block unless S = T .
We have at this point established much of the essential structure of K ψ that we need to place limits on its size. The following dimension formula summarizes our findings that some number of qubits will participate in su(2) blocks, and that each su(2) block contributes three dimensions to the stabilizer subalgebra.
Theorem 1 (Dimension formula). Let ψ ∈ H be an nqubit state vector, let p be the number of su(2) blocks for ψ, and let B be the set of qubits occurring in su(2) blocks. Then
Proof. This follows from part (c) of Lemma 1.
The following lemma and proposition show that each su(2) block must be composed of an even number of qubits.
Proof. We have, from [11] equation (10),
Choose a multi-index I with c I = 0. Then we must have
The sum of a number of positive and negative ones can only be zero if the number is even.
Proposition 3. An su(2) block must contain an even number of qubits.
Proof. Let ψ ∈ H be an n-qubit state vector. Let S = {j 1 , . . . , j m } be an su(2) block for ψ. Part (a) of Lemma 1 guarantees a
There is a ψ ′ ∈ H, LU-equivalent to ψ, for which
By the previous Lemma, m must be even.
The next lemma and its corollary concern the contribution to K ψ from qubits that are not contained in su(2) blocks.
Lemma 3. Let ψ ∈ H be an n-qubit state vector, and let B = {j 1 , . . . , j b } be the set of qubits occurring in su (2) blocks. Then
Proof. Since dim P j K ψ ≤ 1 for each qubit j not contained in an su(2) block (Proposition 1), the projection of K ψ onto g B (which is equal to K ψ ∩ g B ) can be at most n − b + 1 dimensional. But if dim(K ψ ∩ g B ) = n − b + 1, then elements of g 0 are in K ψ , and this is impossible. Therefore, the maximum dimension of K ψ ∩ g B is n − b.
Corollary 1. Let ψ ∈ H be an n-qubit state vector with b qubits belonging to p su(2) blocks. Then
Until this point, our results about stabilizer subalgebra structure have applied to general pure states (either product or nonproduct states). The last two results of the section lay the groundwork for consideration of nonproduct states.
First, we record a result obtained previously that twoqubit su(2) blocks occur precisely when a state is a product of a singlet (or LU-equivalent) and another state [12] . Proposition 4. Let ψ ∈ H be an n-qubit state vector. There is an su(2) block for ψ containing exactly 2 qubits if and only if ψ is the product of a 2-qubit singlet (or LU equivalent) and an (n − 2)-qubit state vector.
Proof. This is implied by Proposition 3.7 of [12] .
Finally, we have a strengthened version of Lemma 3 for a state without a single qubit factor.
Lemma 4. Let ψ ∈ H be an n-qubit state vector, and let B = {j 1 , . . . , j b } be the set of qubits occurring in su (2) blocks. If ψ does not contain a single qubit factor and there are a positive number of qubits not contained in su(2) blocks (b < n), then
Proof. If b < n and dim (K ψ ∩ g B ) = n − b then g 0 ⊕ g j contains an element of K ψ for every qubit j not in an su(2) block. Lemma 3.8 of [12] then implies that ψ contains a single qubit factor (in fact, n − b of them). We conclude that if ψ contains no single qubit factor, then dim (K ψ ∩ g B ) < n − b, and the result follows.
IV. MAXIMUM DIMENSION THEOREMS
In this section, we apply the results from the previous section about the structure of the stabilizer subalgebra to find limits on its dimension. The first theorem applies in a general setting, without yet restricting our attention to nonproduct states. This result was originally reported in [11] .
Theorem 2 (Maximum stabilizer dimension). Let ψ ∈ H be an n-qubit state vector. Then
Proof. Let b be the number of qubits belonging to su (2) blocks, and p the number of su(2) blocks. We must have b ≤ n. At least 2 qubits must belong to each block, so b ≥ 2p. This gives
At this point we begin to confine our attention to nonproduct states. Since products of singlets give the largest stabilizer dimension, a first step along this path is to consider the maximum stabilizer dimension for any state that does not have a singlet factor. By "singlet" we mean singlet or LU-equivalent.
Theorem 3 (Non-singlet maximum stabilizer dimension). Let ψ ∈ H be an n-qubit state vector that does not contain a singlet factor. Then dim K ψ ≤ n.
Proof. Let b be the number of qubits belonging to su (2) blocks, and p the number of su(2) blocks. We must have b ≤ n. Since there are no singlet factors, we must have at least 4 qubits belonging to each block, so b ≥ 4p. This gives
We can squeeze a bit more out of the previous result if, in addition to disallowing a singlet factor, we also disallow a single qubit factor.
Theorem 4. Let ψ ∈ H be an n-qubit state vector that does not contain a singlet factor, and that does not contain a single qubit factor. Then dim K ψ ≤ n − 1.
Proof. If all qubits participate in su(2) blocks, then Theorem 3 applies, and we can conclude dim K ψ ≤ n − 1. If at least one qubit does not participate in an su(2) block, then Lemma 4 applies, and we have
from which the result follows.
Eliminating the possibility of one-qubit factors and two-qubit singlet factors is already enough to conclude the main result.
Corollary 2 (Nonproduct maximum stabilizer dimension). Let ψ ∈ H be an n-qubit state vector that does not factor into a product of an m-qubit state and a (n − m)-qubit state for any choice of m < n qubits. Then
V. GENERALIZED n-QUBIT GHZ STATES
The generalized n-qubit GHZ state (α = 0, β = 0) |ψ = α |00 . . . 0 + β |11 . . . 1 has (for n ≥ 3) stabilizer subalgebra
It is easy to see that every element of the right hand side kills ψ (since A j |ψ = A k |ψ for every j, k), and that it has dimension n − 1. By Corollary 2, it must constitute the entire stabilizer subalgebra. We record this as a proposition.
Proposition 5. For n ≥ 3, the generalized n-qubit GHZ state has dim K ψ = n − 1.
The 
It is natural to ask at this point whether the results on stabilizer dimensions for nonproduct states parallel those for general pure states. In the general case, products of singlets and their LU-equivalents achieve the maximum stabilizer dimension, and they are the only pure states to achieve that dimension. We have seen that generalized n-qubit GHZ states achieve the maximum nonproduct stabilizer dimension, and it is natural to ask whether they are the only nonproduct states to achieve that dimension.
Here the answer is no. At least in the case of 4 qubits, there is another type of state that also achieves the maximum nonproduct stabilizer dimension. The 4-qubit GHZ state has a 3-dimensional stabilizer, but so, for example, does the 4-qubit state |ψ = |0011 +|0101 −2 |0110 −2 |1001 +|1010 +|1100 , whose stabilizer subalgebra consists of a single, 4-qubit su(2) block.
Another example of a 4-qubit state with maximum nonproduct stabilizer dimension, and a single 4-qubit su(2) block is the state
with ω = exp(2πi/3). This state was studied by A. Higuchi and others in [13] and [14] . Among 4-qubit states, it has a local maximum of average two-qubit bipartite entanglement, and has the highest known value of this quantity. We take this as another indication that enlarged stabilizers indicate interesting states. Note that dimension 4 is the only dimension in which a state with an su(2) block can achieve the maximum nonproduct stabilizer dimension. From the proof to Theorem 4, we see that for nonproduct states with qubits outside su(2) blocks, the maximum stabilizer dimension is n − p − 1, so to achieve the maximum nonproduct stabilizer dimension of n − 1, these states cannot have any su(2) blocks. For nonproduct states with all qubits in su(2) blocks, Theorem 3 gives the maximum stabilizer dimension to be n − p, which can only equal n − 1 if p = 1. So, to achieve maximum nonproduct stabilizer dimension with all qubits in su(2) blocks, there must be exactly one su(2) block. But one su(2) block for n = 6 or higher gives a stabilizer dimension of 3 rather than n − 1.
In light of these observations we make the following conjecture.
Conjecture 1. For n = 3 and n ≥ 5, the generalized n-qubit GHZ state and its LU-equivalents are the only nonproduct states that achieve the maximum nonproduct stabilizer dimension.
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